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1. Introduction
The magnetohydrodynamic equations can be written as, in non-dimensional form (cf. [1–3]):
ρt + div(ρu) = 0, (1.1)
(ρu)t + div(ρu⊗ u) + ∇
(
p + 1
2
|M|2
)
− μu− (λ + μ)∇ divu= div(M⊗M) + ρ∇Φ, (1.2)
Mt + div(u⊗M) − div(M⊗ u) − νM= 0, divM= 0, (1.3)
Φ = ρ − ρ¯. (1.4)
This system can be used to describe, for example, the dynamics of a charge transport where the compressible electron
ﬂuid interacts with its own electric ﬁeld against a charged ion background together under the inﬂuence by the magnetic
ﬁeld, in which ρ , u, Φ and M represent the electron density, electron velocity, electrostatic potential and magnetic ﬁeld
respectively. ρ¯ > 0 is the constant background ion density. p = p(ρ) = aργ is the pressure with the positive constant a > 0
and the adiabatic exponent γ > 1. The constant viscosity coeﬃcients μ, λ satisfy μ > 0 and λ + 2μ/N  0, where N is
dimension.
By neglecting the displacement current, the third equation is the induction equation concerning the magnetic ﬁeld M
and ν > 0 in terms of the magnetic diffusivity of the ﬂuid. The motion of such ﬂuids is driven by two dominating body
forces, namely, the Coulomb force (i.e. the electric ﬁeld force) and the Lorentz force imposed on the ﬂuid by the magnetic
ﬁeld. This makes the physical phenomena of such ﬂuids much more complicated.
The initial–boundary value problem for the system (1.1)–(1.4) is studied recently by [4–6] concerning the existence of
weak solutions. These works imply that for γ > 3/2 and when the dimension is three the system (1.1)–(1.4) admits a global
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F. Jiang et al. / J. Math. Anal. Appl. 379 (2011) 316–324 317weak solution for the bounded smooth domain Ω . On the other hand, in the well-known framework of the compressible
Navier–Stokes equations [7,8], the existence of globally deﬁned ﬁnite energy weak solutions was proved under the somehow
optimal constrain γ > N/2, where N is the dimension. This is justiﬁed for the system (1.1)–(1.4), as we quoted before, when
the dimension is three. The natural question is to ask that whether it is also true for the two-dimensional case. The author
in [9] gave the positive results. Before further remarking their results in [9], let us recall the deﬁnition of the globally
deﬁned ﬁnite energy weak solutions for reader’s convenience.
We consider the system (1.1)–(1.4) in a two-dimensional bounded smooth domain, i.e., for (t,x) ∈ I × Ω , Ω ⊂ R2 is
bounded and smooth, and we prescribe the following initial–boundary conditions
(ρ,ρu,M)|t=0 = (ρ0,q0,M0) in Ω,
u= 0, M= 0, ∇Φ · n= 0 on I × ∂Ω, (1.5)
where n denotes the outer normal vector of the boundary of Ω and I = (0, T ).
Deﬁnition 1.1. We call (ρ,u,Φ,M) a ﬁnite energy weak solution of (1.1)–(1.5) if:
• (
,u,Φ,M) belongs to the following class
0 ρ ∈ L∞(I, Lγ (Ω)), u ∈ L2(I, (H10(Ω))2), Φ ∈ L∞(I, H1(Ω)),
M ∈ L∞(I, (L2(Ω))2)∩ L2(I, (H10(Ω))2), divM(t) = 0 for a.a. on t ∈ I. (1.6)
• Let E(t) be the total energy deﬁned as
E(t) =
∫
Ω
1
2
ρ|u|2 + a
γ − 1ρ
γ + 1
2
|M|2 + 1
2
|∇Φ|2 dx, (1.7)
then E = E(t) ∈ L1loc(I) satisﬁes the energy inequality
d
dt
E(t) +
∫
Ω
μ|∇u|2 + (λ + μ)|divu|2 + ν|∇M|2 dx 0 inD′(I). (1.8)
• For any t ∈ I , the pair (ρ,Φ) satisﬁes the following Poisson equation
Φ = ρ − ρ¯ in Ω, ∇Φ · n|∂Ω = 0 in the sense of traces,
∫
Ω
Φ dx= 0. (1.9)
• Eq. (1.1) holds in D′([0, T ) ×R2), i.e.,∫
I
∫
Ω
(
ϕt + 
u · ∇ϕ)dxdt +
∫
Ω

0ϕ(0,x)dx = 0 (1.10)
for any ϕ ∈D([0, T ) ×R2). Moreover, the pair (ρ,u) satisﬁes the renormalized equation∫
I
∫
Ω
[
b(ρ)ϕt + b(ρ)u · ∇ϕ +
(
b(ρ) − b′(ρ)ρ)divuϕ]dxdt = −∫
Ω
b(ρ0)ϕ(0,x)dx (1.11)
for any function ϕ ∈D([0, T ) ×R2) and b ∈ C1(R) such that
b′(z) = 0 for|z| large enough. (1.12)
• Eqs. (1.2), (1.3) hold in (D′([0, T ) × Ω))2, i.e.,∫
I
∫
Ω
(

u · ϕt + 
u⊗ u : ∇ϕ + p divϕ + 1
2
|M|2 divϕ
)
dxdt
= −
∫
Ω
q · ϕ(0,x)dx+
∫
I
∫
Ω
[
μ∇u : ∇ϕ + (λ + μ)divudivϕ]dxdt
+
∫
I
∫
Ω
M⊗M : ∇ϕ dxdt −
∫
I
〈
∇Φ,ϕ〉dt, (1.13)
∫ ∫ [
M · ϕt + (u⊗M−M⊗ u) : ∇ϕ
]
dxdt = −
∫
M0 · ϕ(0,x)dx+
∫ ∫
ν∇M : ∇ϕ dxdt, (1.14)I Ω Ω I Ω
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∇Φ,ϕ〉 ∈ L1(I) is deﬁned as
〈ρ∇Φ,ϕ〉 =
∫
Ω
ρ∇Φϕ dx. (1.15)
In the above deﬁnition the regularity of ρ in (1.6) comes from the well-known energy inequality. It immediately implies
Φ ∈ L∞(I,W 2,γ (Ω)) by the elliptic regularity of Eq. (1.4). Hence the Sobolev’s inequality implies ∇Φ ∈ L∞(I, (L 2γ2−γ (Ω))2).
We see that ρ∇Φ ∈ L∞(I, (L 2γ4−γ (Ω))2) for the case 4 > γ  4/3, where 2γ4−γ  1. Thus the existence of the ﬁnite energy
weak solution of the problem (1.1)–(1.5) can be easily veriﬁed by the frame in [7] without any modiﬁcations for the case
of γ  43 . But when the adiabatic exponent γ close to one, i.e. 1 < γ < 4/3, one cannot even have ρ∇Φ be integral,
i.e., whether the
∫ T
0 〈ρ∇Φ,ϕ〉dt =
∫ T
0
∫
Ω
ρ∇Φϕ dxdt in (1.13) is ﬁnite. For overcoming this diﬃculty, the authors in [9]
make use of the Poisson equation (1.4) to regard ρ∇Φ as a generalized function (cf. [9]) and renewed to deﬁnite so-called
generalized ﬁnite energy weak solutions.
Deﬁnition 1.2. We call (ρ,u,Φ,M) a generalized ﬁnite energy weak solution of (1.1)–(1.5) if (ρ,u,Φ,M) satisﬁes
(1.6)–(1.14), where 〈ρ∇Φ,ϕ〉 in (1.13) is deﬁned as
〈ρ∂xiΦ,ϕ〉 := 〈ρ∂xiΦ,ϕ〉
W
−1, γ2−γ (Ω)×W
1, γ2γ−2
0 (Ω)
= 〈(ρ − ρ¯)∂xiΦ,ϕ〉+ ρ¯〈∂xiΦ,ϕ〉
= 〈Φ∂xiΦ,ϕ〉 + ρ¯
∫
Ω
∂xiΦϕ dx
:=
∫
Ω
1
2
|∇Φ|2∂xiϕ dx−
∫
Ω
∂xiΦ∇Φ · ∇ϕ dx+ ρ¯
∫
Ω
∂xiΦϕ dx, (1.16)
i = 1,2 and
ρ∇Φ ∈ L∞(I, (W−1, γ2−γ (Ω))2). (1.17)
Thus the authors in [9] established the following result.
Proposition 1.1. Assume Ω ⊂R2 is a smooth domain, let 1 < γ  43 and the initial data satisfy the compatibility conditions
ρ0 ∈ Lγ (Ω), ρ0  0,
∫
Ω
(ρ0 − ρ¯)dx= 0, q0(x) = 0 whenever ρ0(x) = 0,
|q0|2
ρ0
∈ L1(Ω), M0 ∈ L2(Ω) with divM0 = 0 inD′(Ω). (1.18)
Then for any given T > 0, there exists a global-in-time generalized ﬁnite energy weak solution (ρ,u,Φ,M) of the problem
(1.1)–(1.5).
Remark 1.1. The initial conditions in (1.18) make sense, please refer to [9, Remark 1.1] for details.
The natural question is to ask whether the deﬁnition (1.16) for the generalized function 
∇Φ in Proposition 1.1 can be
replaced by (1.15). Here we obtain the positive result for the case (9+ √33 )/12 γ  4/3 and give the proof of our result
by Proposition 1.1 in next section.
2. Results and proofs
After previous introduction, we start to establish our result.
2.1. Computations for adiabatic γ and results
From Proposition 1.1, we see that ρ belongs to L∞(I, Lγ (Ω)). But we ﬁnd that ρ have more higher integrability from
the proof of Proposition 1.1. In fact, due to [9, Lemma 3.2], we have
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where Q T = I × Ω and 0 < θ < γ − 1 for the case of 1 < γ  43 . It immediately implies Φ ∈ Lγ+θ (I,W 2,γ+θ (Ω)) by the
elliptic regularity of Eq. (1.14), thus ∇Φ ∈ Lγ+θ (I, (L 2(γ+θ)2−(θ+γ ) (Ω))2) by Sobolev’s inequality. So we get that ρ ∈ Lγ+θ (Q T ) ∩
L∞(I, Lγ (Ω)) and ∇Φ ∈ Lγ+θ (I, (L 2(γ+θ)2−(θ+γ ) (Ω))2) ∩ L∞(I, (L 2γ2−γ (Ω))2).
By computation, we ﬁnd that
1
2γ − 1 +
2− γ
2γ
< 1 ⇔ 6γ 2 − 9γ + 2 > 0 ⇔ 1
γ
+ 2− (2γ − 1)
2(2γ − 1) < 1, (2.2)
where 9+
√
33
12 < γ 
4
3 . This yields
ρ∇Φ ∈ Lγ+θ (I, (Lp(Ω))2), (2.3)
where p = 2γ (θ+γ )
(2−γ )(θ+γ )+2γ , θ satisﬁes
2γ (θ+γ )
(2−γ )(θ+γ )+2γ  1 and 0 < θ < γ − 1 for the case of 9+
√
33
12 < γ 
4
3 . We note that
4
3 >
9+√33
12 ≈ 1.23.
By above analysis and the frame of proof of [9, Theorem 1.1], we immediately obtain the following theorem.
Theorem 2.1. Assume Ω ⊂ R2 is a smooth domain, let 9+
√
33
12 < γ 
4
3 , then for any given T > 0, there exists a global-in-time ﬁnite
energy weak solution (ρ,u,Φ,M) of the problem (1.1)–(1.5), which is such that
ρ ∈ Lγ+θ (Q T ) and ρ∇Φ ∈ Lγ+θ
(
I, Lp(Ω)
)
, (2.4)
where 0 < θ < γ − 1 and p = 2γ (θ+γ )
(2−γ )(θ+γ )+2γ  1.
Remark 2.1. We remark that, as for a particular case when magnetic ﬂuid M is absent, above Theorem 2.1 also implies the
global existence of the ﬁnite energy weak solutions to the Navier–Stokes-Poisson equations in [10–12] for two-dimensional
case.
Remark 2.2. Of course, Theorem 2.1 also holds for γ > 4/3.
2.2. Proof of Theorem 2.1 by Proposition 1.1
Though we can get Theorem 2.1 under the frame of [9, Theorem 1.1], here we note that Theorem 2.1 also can be inferred
from Proposition 1.1. We can complete this proof by the following three lemmas, the main idea is to prove (1.15) and (1.16)
are equivalent under Proposition 1.1.
Lemma 2.1. Let (
, u) satisfy the regularity (1.6) and the renormalized equation (1.11), where b ∈ C1(R) satisﬁes (1.12), 
 and u are
zero prolong out Ω .
Then the renormalized equation (1.11) also holds for b being relaxed to satisfy
b ∈ C[0,∞) ∩ C1(0,∞), ∣∣b′(t)∣∣ Ct−λ0 , t ∈ (0,1), λ0 < 1, (2.5)
and ∣∣b′(t)∣∣ Ctλ1 , t  1, C > 0, −1 < λ1  θ(γ )
2
− 1, (2.6)
where C is some constant only dependent on b and θ(γ ) = γ .
In particular, for any ϕ ∈D([0, T ) ×R2), we have
T∫
0
∫
Ω
[
bk(
)ϕt + bk(
)u · ∇ϕ +
(
bk(
) − (bk)′+(
)

)
divuϕ
]
dxdt = −
∫
Ω
bk(
0)ϕ(0,x)dx, (2.7)
where
bk(t) =
{
b(t), if 0 t < k,
b(k), if t  k,
(2.8)
b satisﬁes (2.5)–(2.6) and
(bk)
′+(t) =
{
b′(t), if 0 t < k,
0, if t  k.
(2.9)
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b′k ∈ C
([0,k) ∪ (k,+∞)), lim
t→k−
b′k(t) = b′(k), lim
t→k+
b′k(t) = 0.
We see that the right derivative (bk)′+(t) exists on [0,+∞) and
[
(bk)
′+ ◦ 

]
(x) =
{
b′k(
(x)), if x ∈ {
 = k},
0, if x ∈ {
 = k}. (2.10)
We take d ∈D(R) such that suppd ⊂ (0,+∞), d(t) = t on (3k/4,5k/4), and then set d+k,ε = Sε/2(dk+ε) and d−k,ε = Sε/2(dk−ε),
where Sε is the standard one-dimension molliﬁer and dk is deﬁned as (2.8), we have, as ε → 0+ ,
∀t ∈R+, d+k,ε(t) → dk(t); ∀t = k,
[
d+k,ε
]′
(t) → d′k(t);
[
d+k,ε
]′
(k) → 1;
∀t ∈R+, d−k,ε(t) → dk(t); ∀t = k,
[
d−k,ε
]′
(t) → d′k(t);
[
d−k,ε
]′
(k) → 0.
Using (1.11), we have
T∫
0
∫
Ω
{
d±k,ε(
)ϕt + d±k,ε(
)u · ∇ϕ +
[
d±k,ε(
) −
(
d±k,ε
)′
(
)

]
divuϕ
}
dxdt = −
∫
Ω
d±k,ε(
0)ϕ(0,x)dx,
for any ϕ ∈D([0, T ) ×R2). Therefore, letting ε → 0+ , we have
T∫
0
∫
Ω
[
dk(
)ϕt + dk(
)u · ∇ϕ +
(
dk(
) − d′k(
)1{
 =k}
 − k1{
=k}
)
divuϕ
]
dxdt = −
∫
Ω
dk(
0)ϕ(0,x)dx,
and
T∫
0
∫
Ω
[
dk(
)ϕt + dk(
)u · ∇ϕ +
(
dk(
) − d′k(
)1{
 =k}

)
divuϕ
]
dxdt = −
∫
Ω
dk(
0)ϕ(0,x)dx.
Subtracting the last two equations, since the ϕ ∈D([0, T ) ×R2) is arbitrary, we obtain
kdivu= 0 a.e. in {
 = k}. (2.11)
(1.11) applied to Sε[bk] (bk is prolonged by b(0) outside R+0 ) gives
T∫
0
∫
Ω
{{
Sε[bk]
}
(
)ϕt +
{
Sε[bk]
}
(
)u · ∇ϕ + {{Sε[bk]}(
) − {Sε[bk]}′(
)
}divuϕ}dxdt
= −
∫
Ω
{
Sε[bk]
}
(
0)ϕ(0,x)dx. (2.12)
Letting ε → 0+ , we have
∀t ∈ [0,+∞), {Sε[bk]}(t) → bk(t); t = 0, t{Sε[bk]}′(t) → 0;
∀t ∈ [0,k) ∪ (k,+∞), {Sε[bk]}′(t) → b′k(t). (2.13)
In accordance with (2.10), there holds {Sε[bk]}(
) → bk(
) a.e. in R2, {Sε[bk]}′(
) → b′k(
) a.e. in {
 = k}, 
{Sε[bk]}′(
) →

b′k(
) a.e. in {
 = 0}. Due to (2.11), 
{Sε[bk]}′(
)divu = 0 a.e. in {
 = k}. Moreover, |{Sε[bk]}(t)| and |{Sε[bk]}′(t)| are
uniformly bounded with respect to ε > 0. We pass to the limit ε → 0+ in (2.12), by Lebesgue dominated convergence
theorem and we obtain that (2.7), let k → ∞ in (2.7), we can get the desired conclusion. 
Lemma 2.2. If (
,u,Φ,M) is the generalized ﬁnite energy weak solution of equations of (1.1)–(1.5), then∫
Q T

γ+θ dx C, (2.14)
where 0 < θ < γ − 1 and 1 < γ  4/3.
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0 < ε < ε0(I ′), where ε0(I ′) is suﬃciently small (we can choose, e.g., ε0(I ′) = min{sup I − sup I ′, inf I − inf I ′}), we get, for
any ϕ ∈D(I ′ ×R2),∫
I ′
∫
Ω
{
Sε[bk]
}
(
)ϕt +
{
Sε[bk]
}
(
)u · ∇ϕ + Sε
{[
bk(
) − (bk)′+(
)

]
divu
}
ϕ dxdt = 0, (2.15)
and take
bk(t) =
{
tθ , if 0 t < k,
kθ , if t  k,
}
 tθ , 0 < θ < γ − 1, 1 < γ  4/3. (2.16)
By virtue of [13, Lemma 6.5] and the regularity (1.6), we have
Sε
[
bk(
)u
] ∈ C∞(I ′, (Lq(R2))2), 1 q < +∞, Sε[bk(
)], ∂t Sε[bk(
)] ∈ C∞(I ′, L∞(R2)),
Sε
{[
(bk)
′+(
)
 − bk(
)
]
divu
} ∈ C∞(I ′, L2(R2)), div Sε[bk(
)u] ∈ C∞(I ′, L2(R2)),
and Sε[bk(
)u] ∈ C∞(I ′, E20(Ω)), where
E20(Ω) =
{
g ∈ (L2(Ω))2 ∣∣ divg ∈ L2(Ω), g · n|∂Ω = 0 in the sense of trace}.
We deﬁne
ϕ(t,x) = ψ(t)φ(t,x), φ = B
(
Sε
[
bk(
)
]− 1|Ω|
∫
Ω
Sε
[
bk(
)
]
dx
)
, ψ ∈D(I), (2.17)
where B is Bogovikii operator (please refer to [13, Lemma 3.17] for the property), and denote φ = (φ1, φ2). By standard
density approximation, we see that ϕ(t,x) can be testing function for (1.13). By computation, we have
∂tϕ = ψ ′φ(t,x) + ψφ′(t,x)
= ψ ′B
(
Sε
[
bk(
)
]− 1|Ω|
∫
Ω
Sε
[
bk(
)
]
dx
)
+ ψB
(
∂t Sε
[
bk(
)
]− 1|Ω|
∫
Ω
∂t Sε
[
bk(
)
]
dx
)
= ψ ′B
(
Sε
[
bk(
)
]− 1|Ω|
∫
Ω
Sε
[
bk(
)
]
dx
)
− ψB(div Sε[bk(
)u])
− ψB
(
Sε
[(
(bk)
′+(
)
 − bk(
)
)
divu
]− 1|Ω|
∫
Ω
Sε
[(
(bk)
′+(
)
 − bk(
)divu
)]
dx
)
, (2.18)
furthermore,∫
I
ψ
∫
Ω
a
γ Sε
[
bk(
)
]
dxdt =
∫
I
ψ
{ ∫
Ω
a
γ dx
1
|Ω|
∫
Ω
Sε
[
bk(
)
]
dx
}
dt
+ μ
∫
I
∫
Ω
2∑
i=1
∂x j u
i∂ jϕ
i dxdt + (μ + λ)
∫
I
∫
Ω
divudivϕ dxdt
−
∫
I
ψ
∫
Ω
2∑
i=1

ui∂tφ
i dxdt −
∫
I
ψ ′
∫
Ω
2∑
i=1

uiφi dxdt
−
∫
I
ψ
∫
Ω
∑
1i, j2

uiu j∂x jϕi dxdt +
∫
I
∫
Ω
∑
1i, j2
MiM j∂x jϕ
i dxdt
+
∫
I
∫
Ω
1
2
|M|2 divϕ dxdt +
∫
I
〈
∇Φ,ϕ〉dt =
9∑
k=1
Jk. (2.19)
Using Hölder inequality, Sobolev embedding theorem, the relations (2.19) and the property of B operator, thus the nine
terms in the right hand of above relations can be estimated by the norm of (
, u, M) and can be given by following
estimations, please refer to [9,13,14] for details,
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∣∣∣∣
∫
I
ψ
{ ∫
Ω
a
γ dx
1
|Ω| Sε
[
bk(
)
]
dx
}
dt
∣∣∣∣ C‖ψ‖C( I¯)∥∥Sε[bk(
)]∥∥L1(I ′×Ω),
| J2| + | J3| = μ
∣∣∣∣
∫
I
∫
Ω
∂x j u
i∂x jϕ
i dxdt
∣∣∣∣+
∣∣∣∣(μ + λ)
∫
I
∫
Ω
divudivϕ dxdt
∣∣∣∣ C‖ψ‖C( I¯)∥∥Sε[bk(
)]∥∥L2(I ′×Ω), (2.20)
| J4| =
∣∣∣∣
∫
I
ψ
∫
Ω

ui∂tφ
i dxdt
∣∣∣∣
 C‖ψ‖C( I¯)
(∥∥Sε[bk(
)u]∥∥L2(I ′,Lq(Ω)))+ ∥∥Sε[((bk)′+(
)
 − bk(
))divu]∥∥L2(I ′,Lr(Ω)), (2.21)
| J5| =
∣∣∣∣
∫
I
ψ ′
∫
Ω

uiφi dxdt
∣∣∣∣ C∥∥ψ ′∥∥L1(I)∥∥Sε[bk(
)]∥∥C( I¯ ′,Lp(Ω)),
| J6| =
∣∣∣∣
∫
I
ψ
∫
Ω

uiu j∂x jϕi dxdt
∣∣∣∣ C‖ψ‖C( I¯)∥∥Sε[bk(
)]∥∥C( I¯ ′,Lp(Ω)),
| J7| + | J8| =
∣∣∣∣
∫
I
ψ
∫
Ω
MiM j∂x jϕ
i dxdt
∣∣∣∣+
∣∣∣∣
∫
I
∫
Ω
ψ
1
2
|M|2 divϕ dxdt
∣∣∣∣ C‖ψ‖C( I¯)∥∥Sε[bk(
)]∥∥C( I¯ ′,Lp(Ω)), (2.22)
where 1 < q < γ /(γ − 1) ( 4, for 1 < γ  4/3), 1 < r = 2q/(q + 2), θ < θ p  γ and the constant C is independent of k
and ε, and dependent on the norms ‖
‖L∞(I,Lr (Ω)) , ‖u‖L2(I,W 1,20 (Ω)) and ‖M‖L2(I,W 1,20 (Ω)) . As for the last term, from (1.17),
we know
sup
t∈[0,T ]
∥∥
∇Φ(t)∥∥
W
−1, γ2−γ (Ω)
< ∞, 1 < γ  4/3,
due to the deﬁnition of norm ‖ · ‖
W
−1, γ2−γ (Ω)
, we get
| J9| =
∫
I
〈
∇Φ,ϕ〉dt
 ‖ψ‖C( I¯)
∫
I
‖
∇Φ‖
W
−1, γ2−γ (Ω)
∥∥∥∥B
{
Sε
[
b(
)
]− 1|Ω|
∫
Ω
Sε
[
bk(
)
]
dx
}∥∥∥∥
W
1, γ2γ−2
0 (Ω)
dt
 C‖ψ‖C( I¯)
∥∥Sε[bk(
)]∥∥C( I¯ ′,Lγ /(2γ−2)(Ω)), (2.23)
where the constant C is independent of k and ε, and dependent on ‖
∇Φ‖
L∞(I,W−1,
γ
2−γ (Ω))
. Taking ε → 0 in (2.20)–(2.23),
using [13, Lemma 6.5] on the property of time and space molliﬁers, we can get
| J1| C‖ψ‖C( I¯)
∥∥bk(
)∥∥L1(Q T ), | J2| + | J3| C‖ψ‖C( I¯)∥∥bk(
)∥∥L2(Q T ),
| J4| C‖ψ‖C( I¯)
(∥∥bk(
)u∥∥L2(I,Lq(Ω)) + ∥∥((bk)′+(
)
 − bk(
))divu∥∥L2(I,Lr(Ω))),
| J5| C
∥∥ψ ′∥∥L1(I)∥∥bk(
)∥∥L∞(I,Lp(Ω)),
| J6| C‖ψ‖C( I¯)
∥∥bk(
)∥∥L∞(I,Lp(Ω)),
| J7| + | J8| C‖ψ‖C( I¯)
∥∥bk(
)∥∥L∞(I,Lp(Ω)),
| J9| C‖ψ‖C( I¯)
∥∥bk(
)∥∥L∞(I,Lγ /(2γ−2)(Ω)). (2.24)
By taking the supper limit in the left hand of (2.19), we have
limsup
ε→0
∫
I
ψ
∫
Ω
a
γ Sε
[
bk(
)
]
dxdt =
∫
I
ψ
∫
Ω
a
γ bk(
)dxdt.
By virtue of the deﬁnition of bk(t) and taking the proper value of q, for example q = 3, we can infer that, all the estimations
in the right hand of | J1| − | J9| of (2.24) can be controlled by a constant C which is independent of k and only dependent
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‖L∞(I,Lr(Ω)) , ‖u‖L2(I,W 1,20 (Ω)) and ‖M‖L2(I,W 1,20 (Ω)) , that is∫
I
ψ
∫
Ω

γ bk(
)dxdt  C
(∥∥ψ ′∥∥L1(I) + ‖ψ‖C( I¯)). (2.25)
By monotonous convergence theorem, letting k → +∞ in (2.25), we get∫
I
ψ
∫
Ω

γ+θ dxdt  C
(∥∥ψ ′∥∥L1(I) + ‖ψ‖C( I¯)).
By the density approximation, we get∫
Q T

γ+θ dx C .
This completes the proof of Lemma 2.2. 
Remark 2.3. By virtue of Lemma 2.2, the conclusions in Lemma 2.1 also hold for b satisfying (2.5)–(2.6), where θ(γ ) takes
2γ − 1.
Lemma 2.3. If 
 ∈ Lγ+θ (Ω), 0 < θ < γ − 1 and (9+ √33 )/12 < γ  4/3, then
〈
∂xiΦ,ϕ〉 =
∫
Ω

∂xiΦϕ dx, i = 1,2. (2.26)
Proof. The problem
Φ = 
 − 
¯, ∇Φ · n|∂Ω = 0 in the sense of trace,
∫
Ω
Φ dx= 0, (2.27)
has a unique solution Φ satisfying
Φ ∈ W 2,γ+θ (Ω), ∇Φ ∈ (L 2(γ+θ)2−(θ+γ ) (Ω))2,

∇Φ ∈ (Lp(Ω))2, (2.28)
where p = 2γ (θ + γ )/[(2− γ )(θ + γ ) + 2γ ] and θ satisﬁes 2γ (θ + γ )/[(2− γ )(θ + γ ) + 2γ ] 1.
Let ε > 0 and 
ε ∈D(Ω) satisfy ‖
ε − 
(t)‖Lγ+θ (Ω) → 0 as ε → 0, then there exists a unique Φε to the problem
Φε = 
ε − 
¯ε, ∇Φε · n|∂Ω = 0,
∫
Ω
Φε dx= 0 (2.29)
for the given ε. Let ϕ ∈D(Ω), using (2.29), we have
〈
ε∂xiΦε,ϕ〉 :=
∫
Ω
1
2
|∇Φε|2∂xiϕ − ∂xiΦε∇Φε∇ϕ + 
¯∂xiΦεϕ dx=
∫
Ω

ε∂xiΦεϕ dx. (2.30)
Make use of (2.27)–(2.29) and the property of molliﬁers, we obtain∫
Ω

ε∂xiΦεϕ dx→
∫
Ω

∂xiΦϕ dx,
∫
Ω
∂xiΦε∇Φε∇ϕ dx→
∫
Ω
∂xiΦ∇Φ∇ϕ dx,
∫
Ω
1
2
|∇Φε|2∂xiϕ dx→
∫
Ω
1
2
|∇Φ|2∂xiϕ dx, 
¯ε
∫
Ω
∂xiΦεϕ dx→ 
¯
∫
Ω
∂xiΦϕ dx. (2.31)
By (2.30)–(2.31), we infer
〈
ε∂xiΦε,ϕ〉 →
∫
1
2
|∇Φ|2∂xiϕ dx−
∫
1
2
∂xiΦ∇Φ∇ϕ dx+ 
¯
∫
∂xiΦϕ dx := 〈
∂xiΦ,ϕ〉, (2.32)Ω Ω Ω
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〈
∂xiΦ,ϕ〉 =
∫
Ω

∂xiΦϕ dx.
This completes the proof of Lemma 2.3. 
Proof of Theorem 2.1. Combining Lemmas 2.2–2.3 with (2.3), we immediately get that (
, Φ) satisﬁes
T∫
0
〈
∂xiΦ,ϕ〉dt =
T∫
0
∫
Ω

∂xiΦϕ dxdt. (2.33)
This yields Theorem 2.1. 
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